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Abstrat
Using the Gell-Mann-Hartle-Griths formalism in the framework
of the Flesia-Piron form of the Lax-Phillips theory we show that the
Shröedinger equation may be derived as a ondition of stability of his-
tories. This mehanism is realized in a mathematial struture losely
related to the Zeno eet.
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The possibility of obtaining physial eets due to a large number of repe-
titions of the same measurement and interation has been disussed both at
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the theoretial [1, 2, 3℄ and experimental [4℄ levels. Moreover, it has been
argued [5℄ that these repetitions not only produe quantum eets, whih is
the reason for alling them quantum Zeno eet [1, 2℄, but they may also be
a soure of marosopi and lassial eets [6℄.
We show here, using the funtional Lax-Phillips (LP) [7℄ generalization of
quantum mehanis [8, 9℄ and the histories formalism of Gell-Mann, Hartle
[10, 11℄ and Griths [12℄ (GMHG) that for a speial hoie of evolution
of histories one obtains stability of the GMHG state by a mehanism that
appears to be the limit of a large number of repetitive measurements in
a nite total time. The stability of the GMHG state is assoiated with the
Shrödinger relation on the struture of the histories, and hene haraterizes
the onsistent subset.
The theory of Lax-Phillips [7℄ whih was originally formulated to de-
sribe resonanes and semigroup evolutions (i.e., irreversible proesses) for
the lassial sattering of eletromagneti waves on a nite target has been
generalized to the quantum level by Flesia and Piron [8℄, and Horwitz and
Piron [8℄ (see also [9℄). The appropriate spae is the "diret integral Hilbert
spae" [8, 14℄
H˜ =
∫
t
⊕Htdµ(t), (1)
where we take the measure dµ(t) to be of Stieljes-Lebesgue type, and t or-
responds to a foliation parameter playing the role of the time observable. An
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element of H˜ is the sequene [9, 14℄ (whih we represent here as ountable)
φ = (ht1 , ht2 , ht3 .....), (2)
so that φti = hti and hti ⊂ Hi where the sequene Hi orresponds to a set of
isomorphi auxiliary Hilbert spaes [9, 14℄ at the times ti. Thus, we see that
φ orresponds to a virtual history [9℄. The evolution operator U(τ) on H˜ is
dened (for onveniene here, on the ontinuum)
(U(τ)φ)t+τ = φ
τ
t+τ = Vt(τ)φt, (3)
where Vt(τ) is an operator whih is unitary on Ht. The supersript τ on φ
is the laboratory time whih is a parameter, while t is a dynamial variable.
The subsript (t+ τ) signies that the original element from Eq (2) has been
translated along the t axis by τ . That is, the ation of the operator U(τ)
has produed a (auxiliary) Hilbert spae unitary evolution ombined with
translation along the t axis by the amount τ . Note that the operator U(τ)
forms a one-parameter group [8℄, that is,
(U(τ2)U(τ1)φ)t+τ1+τ2 = (U(τ1 + τ2)φ)t+τ1+τ2
Aording to Eq (3)
U(τ)φ = (Vt1(τ)ht1 , Vt2(τ)ht2 . . .) = (h
′
t1+τ
, h′t2+τ . . .), (4)
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where the primes indiate that the evolution onstitutes a translation along
the t axis as well as a unitary evolution on the auxiliary Hilbert spaes. We
may think that the elements on the right hand side of the preeding equation
have undergone a spei dynamial evolution whih is only one of a great
number of possible alternatives whih may be distinguished by appropriate
projetions. In that ase we an represent eah suh element by projetion
operators in the auxiliary spae at spei times. Let us assume that the
initial state φα orresponds to a projeted hain (denoted as Cαφ), i.e.,
φα = (Pα1(t1)ht1 , Pα2(t2)ht2 . . .) (5)
Then
U(τ)φα = (Vt1(τ)Pα1(t1)ht1 , Vt2(τ)Pα2(t2)ht2 . . .) = (6)
= (Pα1(t1 + τ)ht1+τ , Pα2(t2 + τ)ht2+τ . . .),
where
Pαi(ti + τ) = Vti(τ)Pαi(ti)V
−1
ti
(τ) (7)
The unitary evolution of the projeted history remains a projeted history,
i.e.,
U(τ)Cαφ = Cα(τ)U(τ)φ, (8)
where one may write
Cα(τ) = U(τ)CαU
−1(τ) (9)
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Thus, the Flesia-Piron generalized state of Eq (2) may be onsidered as a
GMHG history developing dynamially under a unitary evolution of histories.
In the GMHG histories formalism [10, 11, 12℄ one deals with a set of
alternative histories [10℄, whih are dened in the most simple example by
giving sequenes of projetions at denite moments of time t1, t2, t3.....tn.
The sequenes are denoted [10℄ by P 1α1(t1), P
2
α2
(t2), P
3
α3
(t3).....P
n
αn
(tn). The
projetions may be dierent at dierent times, for example, in the two slit
experiment [13℄ P 2α2(t2) ould distinguish whether the eletron went through
the upper slit or the lower one at time t2, while P
3
α3
(t3) might distinguish
various plaes of arrival at the nal sreen at time t3. In general, αi orre-
sponds to eigenstates of a set of observables at ti. Eah set of P
′s satises
[10℄
∑
αK
PKαK (tK) = I, P
K
αK
(tK)P
K
α′
K
(tK) = δαKα′KP
K
αK
(tK), (10)
indiating that the α's represent an exhaustive set of exlusive alternatives.
An individual history orresponds to a partiular sequene: α = (α1......αn)
and for eah history there is a orresponding hain of time ordered proje-
tion operators [10℄ Cα = P
n
αn
(tn).....P
1
α1
(t1). Suh histories are termed oarse
grained [10℄ when the P ′s are not projetions onto a basis (a omplete set
of states), and when there is not a set of P ′s at eah and every time, oth-
erwise, they are ne grained. When the initial state is pure one an resolve
it, by using the previous equations, into branhes orresponding to the indi-
vidual members of any set of alternative histories. That is, denoting in the
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Heisenberg piture the initial state by |Ψ> one obtains [10℄
|Ψ>=
∑
α
Cα|Ψ>=
∑
α1....αn
P nαn(tn).....P
1
α1
(t1)|Ψ> (11)
The vetor Cα|Ψ> is the branh of |Ψ> that orresponds to the individual
history α.
If φ, ξ orrespond to the GMHG histories φk, ξk respetively, the salar
produt between them is given by [10, 11℄ (we shall use this denition below)
(φ, ξ) =
∏
k
(φk, ξk)Ht
k
(12)
If the set α, α` dier by one projetion Pαk in the sequene for whih P
k
αk
(tk)P
k
α`k
(tk)
= 0, then <Ψα|Ψα`>= 0 where |Ψα`> is the branh of |Ψ> that orresponds
to the history α (see Eq. 11)). Following the denition given by Isham [11℄
, embedding the spae of history lters in the orthoomplemented lattie of
history propositions, we may dene a density matrix ρ in term of a priori
probabilities over the arbitrary histories that form, in this spae, a omplete
set. The density operator assoiated with suh a state is
ρ =
∑
α
pα
k=n∏
k=1
P kαk(tk), (13)
where the sum is taken over all histories and pα is the probability for the
ourene of the history α. Suh histories do not neessarily satisfy the
GMHG onsisteny requirement. Thus, dening the trae as the diagonal
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sum of expetations over all histories (whih are onventionally denoted inside
the tensor produt as φα), in the sense of Isham's omplteteness,
tr(ρ) =
∑
α`
(φα`, ρφα`)
If we take a subset of histories α` to orrespond to the α's that our in ρ,
and the remainder orthogonal to these, we see that
tr(ρ) =
∑
α
pα
∏
i
|(φαi, φαi)|2 =
∑
α
pα = 1 (14)
Suh a density operator is onsistent with the notion of the Lax-Phillips state,
sine in this theory eah pure state orresponds to a quantum mehanial his-
tory. A deoherene funtional for suh state dened by d(α, α`′) = tr(CαρC
†
α`)
satises the onsisteny onditions for any pair of histories satisfying the on-
dition 10, i.e.,
tr(CαρC
†
α`) =
∑
β
∑
α”
pα”
∏
i
(φβi, PαiPα”
i
Pα`iφ
βi) (15)
Choosing a subset of histories β to oinide with α, and the remainder or-
thogonal to these, we see that
tr(CαρC
†
α`) =
∑
α”
pα”
∏
i
δαiα”δα”α`i = pαδαα`
i.e., the analog of the GMHG ondition for onsistent histories is formally
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satised with these denitions. Furthermore, for an observable A dened on
the spae of histories (as for operators on the Lax-Phillips spae Hˆ)
tr(Aρ) =
∑
α
∑
α`
pα`
∏
i
(φαi, APα`iφ
αi), (16)
and again taking a subset of histories α to oinide with the set ouring in
ρ, and the remainder orthogonal to these, one nds
tr(Aρ) =
∑
α
pα
∏
i
(φαi, Aφαi) (17)
We remark that the Lax-Phillips Hilbert spae ontains elements that rep-
resent resonanes, and whih evolve aording to exat semigroup laws (and
hene orrespond to irreversible proesses). This property annot be ahieved
in the framework of the usual quantum theory using the Wigner-Weisskopf
formulation [15℄ of the desription of an unstable system.
The projetion operators Cα are proper projetion operators in Hˆ. With
suitable onditions, identifying inoming and outgoing subspaes in Hˆ whih
are stable under the ation of U(τ) for τ positive and negative, respetively,
the quantum Lax-Phillips theory [7℄ provides a rigorous framework for de-
sribing irreversible proesses (semigroup evolution of a subspae of Hˆ) here
seen as an evolution of the GMHG histories
The ation of U(τ) is generated by a self adjoint generator
K = s− lim
τ→0
1
τ
(U(τ) − I) (18)
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For example, the Flesia-Piron model [8℄ is
K = H − i∂t, (19)
where H is a (possibly t-dependent) Hamiltonian operator dened on the
auxiliary spaes. This generalized generator K(q, p, t, E) (whih may depend
on the variable t but not on the laboratory parameter time τ ; E is represented
by i∂t) satises the following generalized equation [8℄
i
∂
∂τ
(U(τ)φ)t = (U(τ)Kφ)t = Vt−τ (τ)(Kφ)t−τ = Vt−τ (τ)(Ht−τφt−τ − i∂tφt−τ )
(20)
Using Equations (3)-(6) we write the left hand side of Eq (20) as
i
∂
∂τ
(U(τ)Cαφ) = i
∂
∂τ
(Vt1(τ)Pα1(t1)ht1 , Vt2(τ)Pα2(t2)ht2 . . .) (21)
In the ase that the state Cαφ is stationary under the evolution U(τ), so that
Vti(τ)Pαi(ti)hti = Pαi(ti)hti , (22)
one obtains, in the speial ase of Eq (19), the Shröedinger equation
Htiφti = i∂tiφti (23)
at every ti. We now show that for a speial hoie of evolution relating
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suessive sequenes
htk+δτ = Vtk(δτ)htk = htk(δτ), (24)
with δτ = T
n
, T is the total span t1, t2, . . . tn, we obtain the stability of the
orresponding Cαφ by a mehanism analogous to the dynamial Zeno eet
[2, 3℄. Sine Vtk(δτ) is generated on the auxiliary spae Htk by a self adjoint
operator Htk , for n large Eq (24) may be written to seond order in δτ as
(1− iδτHtk −
δτ 2
2
H2tk)htk = h`tk+δτ , (25)
so that for δτ → 0 the Shröedinger equation (23) is satised (here we take
δτ = δt). Applying the denition (12) of the tensor produt we see that,
identifying h`tk+δτ ≡ htk(δτ) as assoiated with the omponent tk,
<U(δτ)φ, φ>=
∏
k
<(1− iδτHtk −
δτ 2
2
H2tk)htk , htk > (26)
It then follows that
| <U(δτ)φ, φ> |2 =
∏
k
||htk ||
4(1− δτ 2∆H2tk), (27)
where,
∆H2tk =
<htk , H
2
tk
htk >Htk
||htk ||
2
−
<htk , Htkhtk >
2
Ht
k
||htk ||
4
(28)
10
The produt to seond order is
| <U(δτ)φ, φ> |2 = (
∏
k
||htk ||
4)(1 +
T 2
n2
∑
k
∆H2tk) (29)
The seond term vanishes in the limit of n→∞ if the dispersions ∆Htk are
nite at eah k. The GMHG salar produt for this evolution onstruts the
sequene orresponding to the well-known Zeno phenomenon in the stabiliza-
tion of states by suessive measurement. Moreover, this result demonstrates
that the set of onsistent histories onstruted by suessive measurement is
assoiated with the Shrödinger relation between suessive states in the
Lax-Phillips foliation.
In this alulation we have onluded that the GMHG evolution is sta-
tionary if the sequene htk is determined by Shröedinger evolution in the
Flesia-Piron model [8℄. However, if we hoose an arbitrary sequene htk and
U(δτ) indues Shröedinger evolution at eah step δτ , the relation (26) re-
mains valid, independently of whether the sequene htk itself orresponds
to a Shröedinger sequene. The onlusion (29) remains, and we see the
resulting GMHG stability orresponds to the dynami Aharonov-Vardi [2℄
Zeno eet. The stati Zeno eet follows if the sequene htk is hosen to be
a set of idential states, i.e., htk = ht0 .
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